Abstract. In this work we establish some polynomials and entire functions have only real zeros. These polynomials generalize q-Laguerre polynomials L ν (z; q) and confluent basic hypergeometric series.
Introduction
In [12] Ismail and Zhang defined an entire function 1 − aq k , (a; q) n = (a; q) ∞ (aq n ; q) ∞ , (a 1 , . . . , a m ; q) n = m j=1 (a j ; q) n .
Clearly, A (α)
q (a; z) is a kind of entire function treated in Lemma 14.1.4 of [11] , and by the lemma it must have infinitely many zeros if aq n = 1 for any nonnegative integers n ∈ N 0 . Furthermore, in [8] Hayman proved an asymptotic expansion for the n-th zero of this class of entire function under the general condition that the parameter q is strictly inside the unit disk |q| < 1.
We observe that 
where A q (z) and S n (z; q) are the Ramanujan entire function and Stieltjes-Wigert polynomial respectively, see [11] , for example. Since A (α) q (a; z) generalizes both A q (z) and S n (z; q), and it is well-known that both of them have all real positive zeros. Thus it is natural to ask under what conditions the zeros of the entire function A (α) q (a; z) are all real. In this work we shall present a partially answer to this question and more.
Preliminaries
In the proofs we need the Vitali's theorem [15] and Hurwitz's theorem [2] . For our convenience we list them here. The first is the Vitali's theorem:
Here is the Hurwitz's theorm:
If the functions f n (z) are analytic and = 0 in a region Ω, and if f n (z) converges to f (z), uniformly on every compact subset of Ω, then f (z) is either identically zero or never equal to zero in Ω.
It is known that if an entire function has a finite order that it is not a positive integer, then f (z) has infinitely many zeros, [4, 11] . Given an entire function of order 0 with f (0) = 0, if −z k , k ∈ N are all the roots, then by Hadamard's canonical representation of entire functions we have
where c, β, z k ∈ R, α ≥ 0, m ∈ Z + , and
Clearly, given a real entire function f (z) of order 0 that has nonnegative Taylor coefficients and satisfies f (0) = 0, if it is also in the Laguerre-Pólya class then it must have the factorization (2.1) with
is called a Pólya frequence (PF) sequence if the infinite matrix (a j−i ) ∞ i,j=0 is totally positive, i.e. all its minors are nonnegative, where we follow the usual convention that a n = 0 if n < 0. [3, 7, 10] 
In the case b k = 0 for k = n + 1, . . . , then the right hand series becomes a polynomial of degree at most n, then we have the following, [3, 7, 10, 14] b k x k has all nonpositive zeros.
It was proved in that [5, 6] (2.4)
is in Laguerre-Pólya class for q ∈ (−1, 1). For 0 < q < 1. This function is clearly a real entire function of order 0 with positive Taylor coefficients, hence the sequence q
is a PF sequence by Theorem 3.
For a ≥ 0 and 0 < q < 1, from the q-Binomial theorem we have [1, 11] (2.5)
and
respectively.
For ν > −1 and 0 < q < 1, it is known that J (2) (z; q) is an entire function of order 0 such that
are the positive zeros of J (2) (z; q) satisfying (2.12)
For ν > −1 and 0 < q < 1, from (2.10) and the relation [11] (2.13) J
(1)
From (2.8), (2.10) and (2.14) we see that both 1/ q, q ν+1 ; q k
and q
are PF sequences by Theorem 3. It is worth noticing that these q-Bessel functions are much more than merely being q-analogues to their classical counterpart
with −a − n / ∈ N 0 and Γ(z) is the Euler's Gamma function. They have many interesting properties that the classical J ν (z) does not possess. Here we only mention two of them. First of them is that J (2) ν 2iq −n/2 ; q , n ∈ N 0 can be evaluated explicitly, see [13] . The second is that there are many symmetries among themselves. Let
Then for q > 1 and |z| < 1, we have (2.18)
The above relations are very typical among basic hypergeometric series, but it is seldom explored in the literature.
Main Results
We follow the usual convention that an empty sum is zero but an empty product is 1.
Theorem 5. Let n ∈ N, 0 < q < 1, and α ≥ 0.
(1) The polynomial
has all negative zeros.
The following results are for the entire functions in the first parameter range:
Theorem 6. Let 0 < q < 1 and α > 0. Then, (1) For a ≥ 0, the entire function
has infinitely many zeros and all of them are negative. (2) For m, ℓ ∈ N 0 , a j ≥ 0, 0 < q j < 1, 1 ≤ j ≤ m, and β r > 0, 0 < q r < 1, 1 ≤ r ≤ ℓ, the entire function where the basic hypergeometric series r φ s is defined by [1, 11] (3.10)
Finally, here is the result for entire functions in another parameter range:
then the entire function r A . Then by property 1 of Theorem 4 we know the polynomial
has all negative zeros, which is equivalent to that A (α) q (q −n ; z) has all positive zeros. For m, ℓ ∈ N, n j ∈ N, 0 < q j < 1, 1 ≤ j ≤ m, and ν r > −1, 0 < q r < 1, 1 ≤ r ≤ ℓ, first by property 2, then by property 4 of Theorem 4 we know that
are all PF sequences. Then for α ≥ 0 the polynomial (3.2) has all negative zeros. For m, ℓ ∈ N, take
and let q ↑ 1 in
for each z ∈ C. Then this limit is also uniform on any compact subset of C by Vitali's theorem 1. Thus the polynomial (3.3) has all negative zeros by applying Hurwitz's theorem 2.
Proof of Theorem 6.
For n ∈ N, 0 < q < 1, a ≥ 0 and α > 0, since the
and q has all negative zeros. For 0 < q < 1, a ≥ 0 and α > 0 and for each n ∈ N and z ∈ C we have,
Now we first apply Vitali's theorem, then apply the Hurwitz's theorem to show the entire function A (α) q (−a; z) has no zeros outside the set (−∞, 0). Since by Lemma 14.1.4 of [11] we know that A (α) q (−a; z) has infinitely many zeros, then we have proved that A (α) q (−a; z) has infinitely many zeros and all of them are negative. For m, ℓ ∈ N 0 , α > 0, 0 < q < 1, a j ≥ 0, 0 < q j < 1, 1 ≤ j ≤ m, and ν r > −1, 0 < q r < 1, 1 ≤ r ≤ ℓ, similar to the polynomial case, we first apply property 2, then apply property 4 of Theorem 4 we know that for each n ∈ N 0 , then sequence
is PF, thus the polynomial
; q r k has all negative zeros. For each n ∈ N 0 and z ∈ C we have
Now we first apply Vitali's theorem, then apply Hurwitz's theorem to prove that the entire function (3.5) has no zeros outside (−∞, 0). Since by Lemma 14.1.4 of [11] we know that the entire function (3.5) has infinitely many zeros, then the assertion for on (3.5) is proved. Let
and a j = 0, q j = q, 1 ≤ j ≤ m, q r = q, 1 ≤ r ≤ ℓ in (3.5), then for each z ∈ N and each k ∈ N 0 , by
Since for n ∈ N we have
Then,
We also observe that for β ≥ 1 we have (1 − b k q) ≥ 4.
Our assertion follows from Theorem B of [6] or Theorem A of [9] .
